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1. a. (15pt)Write the linear system corresponding to the network shown in the figure,
and then solve it.

10 + x4 = 20

x1 + x2 = 20

x1 + x3 = 10

−x2 + x3 + x4 = 0

This implies x4 = 10 and

x1 + x2 = 20

x1 + x3 = 10

−x2 + x3 = −10

Then

 1 1 0 20
1 0 1 10
0 −1 1 −10

 →

 1 1 0 20
0 −1 1 −10
0 −1 1 −10

 →

 1 1 0 20
0 −1 1 −10
0 0 0 0

 . We get

x2 = x3 + 10, x1 = 10− x3, x4 = 10.

b.(10pt) Assuming that the flows are all nonnegative, what is the largest possible
value for x3?

Since xi ≥ 0 for i = 1, 2, 3, 4 the maximum value for x3 is 10.



2. a. (12pt)Let v1 =

 2
−2
4

 , v2 =

 4
−6
7

 , v3 =

−2
2
h

 be vectors in R3. Find the

value(s) of h for which the vectors are linearly dependent By using the given vectors

we write the linear combination

c1

 2
−2
4

+ c2

 4
−6
7

+ c3

 −2
2
h

 =

 0
0
0


and write the matrix 2 4 −2

−2 −6 2
4 7 h

 →

 2 4 −2
0 −2 0
0 −1 h+ 4

 →

 2 4 −2
0 −2 0
0 0 h+ 4

 . For linear indepen-

dence of the vectors, we must have h ̸= −4.

b. (13pt) If T is defined by T(x)=Ax, find a vector x whose image under T is b,

and determine whether x is unique. Let A =

[
1 −4 −7
−2 1 −7

]
and b=

[
−2
−3

]
.

We consider T (x) = Ax and Ax = b, that is

[
1 −4 −7
−2 1 −7

] x1

x2

x3

 =

[
−2
−3

]
.

If we solve the system[
1 −4 −7 −2
−2 1 −7 −3

]
→

[
1 −4 −7 −2
0 −7 −21 −7

]
,

then by 2nd row −7x2 = −7 + 21x3. Thus x2 = 1− 3x3. By the first row

x1 − 4x2 − 7x3 = −2

and
x1 − 4 (1− 3x3)− 7x3 = x1 + 5x3 − 4 = −2.

We get
x1 = 2− 5x3.

By setting x3 = k, we establish the solution space as

S =


 2− 5k

1− 3k
k

 , k ∈ R

 .

Therefore, x is not uniquely determined.



3. Consider the matrices given below:

A =

[
2 −1 0 4
−3 1 2 0

]
, B =

[
1 3 −2 1
0 5 −1 2

]
, C =

[
1 −3
2 7

]
.

(a) (12 pt)Find −2A+ CB.

−2A =

[
−4 2 0 −8
6 −2 −4 0

]
, CB =

[
1 −3
2 7

] [
1 3 −2 1
0 5 −1 2

]
=

[
1 −12 1 −5
2 41 −11 16

]

−2A+ CB =

[
−3 −10 1 −13
8 39 −15 16

]
.

(b) (13 pt) Find ABT − 3C.

BT =


1 0
3 5
−2 −1
1 2

 , ABT =

[
2 −1 0 4
−3 1 2 0

]
1 0
3 5
−2 −1
1 2

 =

[
3 3
−4 3

]
,

−3C =

[
−3 9
−6 −21

]

ABT − 3C =

[
3 3
−4 3

]
+

[
−3 9
−6 −21

]
=

[
0 12

−10 −18

]
.



4. (a) (13 pt) Write the LU factorization of the matrix

A =

 2 2 −1
4 3 −1
−1 3 2

 .

 2 2 −1
4 3 −1
−1 3 2

 →

 2 2 −1
0 −1 1
0 4 3/2

 →

 2 2 −1
0 −1 1
0 0 11/2

 = U, also

 2
4
−1

÷

2 =

 1
2

−1/2

 ,

[
−1
4

]
÷ (−1) =

[
1
−4

]
. Then L =

 1 0 0
2 1 0

−1/2 −4 1

 and

A =

 1 0 0
2 1 0

−1/2 −4 1

 2 2 −1
0 −1 1
0 0 11/2

 .

(b) (12 pt) Calculate determinant of the matrix A by using cofactor expansion.

→
 2 2 −1

4 3 −1
−1 3 2

 detA = 2 (−1)2
∣∣∣∣ 3 −1
3 2

∣∣∣∣+2 (−1)3
∣∣∣∣ 4 −1
−1 2

∣∣∣∣−1 (−1)4
∣∣∣∣ 4 3
−1 3

∣∣∣∣ =
18− 14− 15 = −11.


